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Abstract. We formulate a definition of symmetric derivatives of odd order

for functions of two variables. Our definition is based on expanding in a

Taylor's series a weighted average of the function about circles.

The definition is applied to derive results on Lebesgue summability for

spherically convergent double trigonometric series.

1. Let//) be a function defined in a neighborhood of t0 G R. Let & be a

natural number. We say that / has at t0 a kth symmetric derivative with value

ak if the following holds:

If k = 2r is even,

(l.l)    !{/(/„ + 0 +/('o - ')} - «o + ff'2 + ' ' ' + (§j'2r + *('2r)

as / -» 0.

If k = 2r + 1 is odd,

(1.2)K/a0 + 0-/^-0} = a1^^3 + "- + ¿^'2r+1 + ^2r+1)

as t -» 0.

If the limit in (1.1) or (1.2) exists only as t -» 0 through a set having 0 as a

point of density, then we say / has a kth symmetric approximate derivative at r0

equal to ak.

These definitions may be found in [7]. They have the following applications

to termwise integrated trigonometric series. Let T: 2„ez cne'n9 be a trigono-

metric series in one variable.

Theorem A. 7/c„ -» 0 and T converges at 0O to s, then the function

F(0) = C^02-X-2eine
1 n

has at c70 a second symmetric derivative with value s.
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Theorem B. Ifcn -» 0 and T converges at 90 to a finite sum s then the function

L(0) = c09 + VCfnein9

has at f?0 a first symmetric approximate derivative with value s.

We are concerned in this paper with functions of two variables. We denote

points of F2 by x = (xx,x2) = te , and we write integral lattice points

n = (nx,n2). We set n • x — nxxx + n2x2. We denote the Fourier series of a

function F by S[F].

Suppose F(x) is defined in a neighborhood of x0 E E2. We say that F has

at x0 an rth generalized Laplacian equal to s if F is integrable over each circle

| jc — ̂ c0 ] — t, for t small, and if

¿jf X* + "'V* = a0 + %t> + • • • + ̂  + &)

as t -* C. This definition is due to V. Shapiro [4] and forms a two dimensional

analogue of (1.1) for symmetric derivatives of even order. In [3] and [4], it is

used to establish two dimensional analogues of Theorem A.

The purpose of this paper is to give a two dimensional analogue of (1.2) for

symmetric derivatives of odd order, and to apply it to Lebesgue summability

for double trigonometric series.

2. We make the following definition. Let

fí(0) = cos 0 + sin 9.

Let F(x) be defined in a neighborhood of x0 E E2, and suppose that F is

integrable on each circle |jc — x0\ = t, for / small. Let k — 2r + 1 be an odd
integer.

Definition. F has at x0 a generalized symmetric derivative of order 2r + 1

with value s if

±CF(x0 + teie)ü(9)d9

(2.1)

as t -» 0.

If the limit in (2.1) exists only as t tends to 0 through a set E having 0 as a

point of density, we will say F has at x0 a generalized symmetric approximate

derivative equal to s.

3. The numerical value of the derivative is given by the following result.

Theorem 1. Suppose that F(x) and all partial derivatives of F of order



LEBESGUE SUMMABILITY 201

< 2r + 2 exist and are continuous in a neighborhood ofx0 E E2. Then F has at

x0 a (2r + l)th generalized symmetric derivative with value

Proof. We may assume x0 = 0. We apply Taylor's theorem. We write

,    .       dr+sF I

F{r's)    dxrxdxs2\0-

F(*) = ,SJ('cos 9A+t sin 9A)m

+eTT2)í(í cos 9A+'sin ̂ r^
for some u E (0, t).

¿jfF(te<°M0)d9

2r+\ tJ   i     .2ir2'+l tJ   1    r2« / 3 3   V
= ,?0 Jr¿X (cos eérx + sin ö4) «^

.2r+2        f     -2ít / a 3   \2r+2

+(27T2)T¿/o   (cosö4 + sin'4)     f^W

2r+l

=   2   OjtJ + R2r+2,

where

aJ -JïèrC Jo {i)F(mJ - m) • "*" ° SiaJ'm 0md9-

Clearly a, = 0 when/ is even.

When/ is odd,

ai=i Jo (i)F{mj -m) • ¿r c°sm * siny_w emde

=i Jo (-)ir(wj - m){iccosm+i *siny_m *»

+¿X *cosm ö sinj,_m+1 öi/öl

= T 2   {      )F(mJ - m){cim + </,_}.
J'm^0\m/ jm      Jm
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Using reduction formulae we find,

ml (j - m)\

cjm

\

V((j+l)/2)l((m-l)/2)l((j-m)/2)l

and

0

0

jm
ml (j - m+ 1)!

2^+1(0-+l)/2)!(0--m+l)/2)!(m/2)!

Breaking the sum in (3.2) into two parts,

(3.3)
ml (j — m)!

if m is odd,

if m is even,

if m is odd,

if m is even .

a=     ¿     Ui\_
j       m=otmoddJ-\mJ2j((j +

+   i   UJ)—
m=0;meven;! W2J + 1

l)/2)!((w-l)/2)!((7-m)/2)!

_m! (j - m + l)\  _

•,(C/+l)/2)!(0-»t+l)/2)!(m/2)!

= 1 + 11.

To simplify I, set s = (m - l)/2.

(3.4)
1 0-0/2 j

F(m,j - m)

F(m,j - m)

I =
0-0/2

V({j+l)/ï)l   .S   sT((j-l)/2-s)l

1 0-J1/2

F(2i + l,y - 2s - 1)

J (</-,»>. ♦..,-*-»
2J(U+ 0/2)! (0-0/2)!

1 3 / 32       92 \°'-1)/2

2>(O'+0/2)!(C/-0/2)!a*

To simplify II, set s = m/2.

-(ii+iiY F(0).

n=     2
j - m + 1

mueven 2 • V((j + l)/2)! ((y - m + l)/2)! (w/2)!

1

F(m,j - m)

J

mueven 2'((/ + l)/2)! ((j -m- l)/2)l (m/2)l

i3-5) » 0-0/2

F(w,7 - m)

1 1

2''((y+l)/2)!   A   ((j~l)/2-s)lsl
F(2iJ - 2s)

2 \ 0-0/2

V((j+l)/2)l((j-l)/2)ltx2\dxx2     3

Combining (3.4) and (3.5), we get

x2\dxx2    3x2/
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(3.6)

üj     V((j + l)/2)! (O' - D/2)! V3*i + 9*2/\dx2     dx2) ()'

For the remainder term,

(3.7) R2r+2 = t2r+20(l) = o(t2r+x).

Substituting (3.6) and (3.7) into (3.1), the proof of Theorem 1 is complete.

4. We now apply the definition in (2.1) to deduce two dimensional versions

of Lebesgue summability for spherically convergent double trigonometric

series. The role of (2.1) in the extension of Theorem B to two dimensions is

parallel to the role played by generalized Laplacians in the extension of

Theorem A to two dimensions. Our proof is similar to the methods used in [5],

where a different multi-dimensional analogue of Theorem B is given.

Theorem 2. Let T: 2«ez cne'nX oe a double trigonometric series which

converges spherically at xQ to s, s < oo. Suppose the coefficients of Tsatisfy

(4.1) 2     l«rU2+     2     \n\a(nx + n2y2\cn\2<oo,
nt+n2=0 ii|+n29t0

for some number a > 1. Then the series

(4.2) 2     ¿ft + x2)cne^ +     2  n -P^C^X
«,+n2=0 n,+«j#0 "1 + "2

converges spherically a.e. on T2 to a function L(x) which has at x0 a first

generalized symmetric approximate derivative equal to s.

Theorem 3. Suppose 2«ez cne'"X converges spherically at x0 to s, s < oo.

Suppose there are functions Lx(x) and L2{x) such that

and

2     cj"x = S[LX]
n\+n2=0

lcn_ein-X = s,^y
„,+~*0 «1 + "2~ ~L~2

Let L(x) = \(xx + x2)Lx(x) + L2(x). Then L(x) has at x0 a first generalized

symmetric approximate derivative with value s.

5. Before starting the proofs of Theorems 2 and 3 we establish the following

result. Here Jv(z) represents the Bessel function of the first kind of order v.

W^^h"*"™*'os (»y) dtp.

Lemma. Let x = te'9 E E2 and let n = (nx,n2) E Z2, with \n\ # 0. Define
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-iemx

/ \       I   —;- if iî\ + n, 7e 0,
&,(*) =   j   "\ + n2 X      2

I   î(*i + x2)einx      ifnx +n2 = 0.

Then

Proof. Let «i/|«| = cos <p, «2/l"l = Sin T-

We first consider gn(x) for nx + n2 # 0.

=¿¿h¿ ■ » fexp {'""'(h cos '+H si° ') }

• (cos 9 + sin 0)(?t + pi\d9

=       H    2 • ¿/2" e'>l'co«(cos (0 - 9) + sin (0 + <p))d9
(nx + n2)

+ —líL-j   A r* e'W'cos^) sin (0 + v)«tf
(»1 + «2) °

- jf, + 4.
,   TZ»,,

l/ll
4 - —f-T2W).

("l + «2)

Let n = 9 - <p.

1     («!+«2)2   2« Jo ^      w **

(«i + n2f
COS

II 17

+-^—y sin 2tp^-: f * e'l»l'co* cos ¡idn
(nx + n2f       Wl™jQ ^

- 0 + —bíL sin (2^)7, (|«|0 = —^L ^?Ji(|«W.
(«i + «2) ("1 + "2)   M
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Combining,

1     '    V     |«|2/(»i + «2) W

In the case nx + n2 = 0,

l£*g„(te«)0(9)dO

- ¿/2" i(' cos t7 + / sin öy"'e'9(cos 0 + sin 0)¿0

= ¿ JT* (cos 0 + sin efe^^-^dB

=  *  f2" eiWtcos(9-<e)d9 +-L(2"2 cos 9 sin fc""1'00-*-»)*/«
4tt ̂ o 4"" •'0

= >i2 + 52.

A2 = ¿</0(|n|0.

772 = ¿/o2%in2(/t + cPyW'^í7/i

= cos (2«p)¿/o2%in (2ít)e'l"l'cos"c/u

+ sin (»¿/^ cos (2/x)e'W'^í//x

- 0 - sin (-it/2)x2tJ2(\n\t) = \tJ2(\n\t).

Combining A2 and B2,

^fo2\n{tewM9)de = ¿/(y0(|/»IO + J2(\n\t)) = ^p

by a formula from [1, p. 12]. Thus the proof of the Lemma is complete.

6. Proof of Theorem 3. We will assume, as we may, that x0 = 0 and s — 0.

We must show

1   r2v

i-+0

Set

lim app ̂ - f * L{teie)ti{9)d0 = 0.
/_>o    ¿itt Jo
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Lx(x,r) =     2     cneinxe-W,
«1 +«2 =0

L2(x,r) =     2     -^-e/n-^-|n|r
n,+n2#0"l + «2

and let L(x,r) = j(x, + j^LiOe,/1) + L2(x,r). Using results found in [6], for

example, we obtain

lim fTjL(x)-L(x,r)\dx

< \%ÍTl |Ll(x) " Ll(*'*  +l}™JTl |L2W " M*'*

= 0.

Choose a sequence ju¿ decreasing to 0 such that

fT\L(x)-L(x,h)\dx<2-3k-x.

Let

Then

q = {'£ (0. l)l/02V(^) - L(tei6,H)\d9 > 2"*}.

•1 r2ir
2-ik~x > /o tdtjo ' \L(tei9) - L(tei9,H)\d9

> Sck *** > /o'Ql /2_fc^

= 2-fc-'|CJ2.

-ftHence, [Cj < 2    . Thus if we let

t -(0,0- r\(uck),

then |7| = 0 and, outside of 7,

¿im j* |I(te") - 7(íe/9,,ifc)|¿0 = 0,

so lim^^/o2' |7(re/9)i2(0) - L(teiB,\Lk)ti(9)\d9 = 0. Thus, for almost all

t G (0,1),

(6.1) ¿im ¿/* 7(WM0)¿0 = ¿/02W L(tei9)Q(9)d9.

For r G (0,1), define
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1   r2v
(6.2) 9{t) - ton ¿/o    L{tei9,H)Q{9)d9.

Then, applying the Lemma,

m = I™ ¿f ä(wsä **<&-*) • mat

(6-3) » Ä & J, ^c. • ¿fg^^M^^-H-

= lim   lim    2   c.-»ft--#-H».
*-*oo ä->oo |„|<Ä       |n|/

Let Su = 2|„|<„ c„. Then, summing by parts,

(6.4)        W<*  '   Hí

-í;^(^^)du + SRme--,

Since    5Ä = o(l) as 7? -> oo,    and    using    the    identity    d(t "Jv(i))/dt

= -'"'■i+i(0>weget

^ül'       u

as 7? -» oo. Hence the last term on the right side of (6.4) drops out, and

lim   2 CnÄ-l»W
A-°° \n\<R       \n\t

Returning to (6.3),

«pW = - lim f S.iè----*A + lim H r sj^-e-^du
rW k->ccJ0       u     U k-+<x>rkJ0       "    Ut

= _ lim r sme-mdu.
k-x Jo     "   u

'» „ J2(ut) _u

)J0

We claim

(6.5) [2P \<p(t)\dt = o(P)   asp^O.
Jo
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f2" \<p(t)\dt = J*   lim  T SuJ-^e-du
Jp Jp       k-*co JQ       "    U

dudt = r (
Jo   Jp

dtdu+r f
J\o Jo

rip    rCO

<Jp   Jo

rl/p çlp
~ JO     Jp

= P+Q.

J2(ut)

J2(ut)

OO    rip

p

OO    rip

MpJp

c Mut)
^~u~

r,   MUÍ)
u

dtdu

dtdu

We use the relations |7„(r)| < ct" for 0 < t < 2, and |7„(/)| < c't~x/2 for t

> 1.
In the interval of integration involving F, |mí| < 2, so |«-172(«/)| < cut2.

r\/p   rip -

P=fo   Jp   o(l)0(ut2)dtdu = o(p).

In the interval of integration for Q, ut > 1, so |72(h/)| < c(ut)~ ' .

Q=Çf*"o(l)u-xO(ut)-X/2dtdu = o(p).

Thus the claim is established.

We complete the proof of Theorem 2 as follows. Let

(6.6) jC, W')l* - 2~\,

where en -* 0 as n -» oo. Let En = {t E [2~     ,2""]: \cp(t)\ > V£„}- Then

jC WOI* > isJVv

so using (6.6), 2~"e„ > V^I^J. and |Fj < 2"Vv Now let £ = T
— \J%LxEn. Then F has 0 as a point of density. In E, <p(t) -+ 0, and qp(/)

= 1/(2tt0 /o277 L(tei9)Q.(0)d9. Thus, the theorem is established.

7. Proof of Theorem 2. Let

-it?,n    j/t-jctr(x)=      2      l(*i + *2K«*we +      2
* |n|</t;t+it2-0      ' W<Ä;ni+«2#0"l+,l2

The condition (4.1) insures that L(x) = lim^^^ TR(x) exists a.e. on each circle

\x\ = t. This is a consequence of Theorem 1 of [2]. Moreover, by Theorem 2

of [2], Jo2' sup* \TR(tei9)\d9 < oo, so
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hC WWW - Jim ¿j;* TR(te»)ü(0)dO

= l&J<*'2lnS?*WWß)ä9

=  lim    2   ci
" \"\<R

4 (WO

We now let

¥ß)-etCWWß)dO.
Summing by parts,

M*)*«>=/„ */-fdu.

The verification of the claim (6.5) and the completion of the proof follow

exactly the lines of the completion of the proof of Theorem 3.

References

1. A. Erdélyi, W. Magnus, F. Oberheittinger and F. G. Tricomi, Higher transcendental

functions, Vol. II, McGraw-Hill, New York, 1953. MR 15, 419.
2. M. Kohn, Spherical convergence and integrability of multiple trigonometric series on hypersur-

faces, Studia Math. 44 (1972), 345-354. MR 49 #9535.
3.   -, Riemann summability of multiple trigonometric series, Indiana Univ. Math. J. 24

(1975), 813-823.
4. V. L. Shapiro, Circular summability C of double trigonometric series, Trans. Amer. Math. Soc.

76 (1954), 223-233. MR 15, 866.
5.   -, The approximate divergence operator, Proc. Amer. Math. Soc. 20 (1969), 55-60. MR

38 #4918.
6. E. M. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton

Univ. Press, Princeton, N. J., 1971. MR 46 #4102.
7. A. Zygmund, Trigonometric series, Vol. I, Cambridge Univ. Press, London, 1968. MR 38

#4882.

Department of Mathematics, Brooklyn College (CUNY), Brooklyn, New York 11210


