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ABSTRACT. We formulate a definition of symmetric derivatives of odd order
for functions of two variables. Our definition is based on expanding in a
Taylor’s series a weighted average of the function about circles.

The definition is applied to derive results on Lebesgue summability for
spherically convergent double trigonometric series.

1. Let f{r) be a function defined in a neighborhood of #, € R. Let k be a
natural number. We say that f has at 1) a kth symmetric derivative with value
ay if the following holds:

If kK = 2ris even,

) B 2r 2r
(L) MG+ +flg— Dy =ay+50 + - SerTL + o)
ast— 0.

If Kk = 2r + 1is odd,

_ a3 3 _ D41 2r+] 2r+1
(12) HfG+ ) —flg=0) =at+ 530+ + PRI + o
ast— 0.

If the limit in (1.1) or (1.2) exists only as # — 0 through a set having 0 as a
point of density, then we say f has a kth symmetric approximate derivative at 1,
equal to a,.

These definitions may be found in [7]. They have the following applications

to termwise integrated trigonometric series. Let T: 3, <4 ¢, ™ be a trigono-
metric series in one variable.

THEOREM A. If ¢, — 0 and T converges at 8 to s, then the function

FO) = 26 - '%e"""

has at 8y a second symmetric derivative with value s.
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THEOREM B. If ¢, = 0 and T converges at ) to a finite sum s then the function
— + Cn _ind
L@) = cy0 + 2 €

has at 0 a first symmetric approximate derivative with value s.

We are concerned in this paper with functions of two variables. We denote
points of E, by x = (x;,x;) = te’®, and we write integral lattice points
n = (n,n,). We set n - x = nyx; + nyx,. We denote the Fourier series of a
function F by S[F].

Suppose F(x) is defined in a neighborhood of x, € E,. We say that F has
at x, an rth generalized Laplacian equal to s if F is integrable over each circle
|x = xy| = ¢, for ¢ small, and if

1 27 s

1 08— g s 22y >y o
217](; F(xy + te"”)d0 g+ 570"+ +(2’r!)2t + o(t”)

as t = C. This definition is due to V. Shapiro [4] and forms a two dimensional
analogue of (1.1) for symmetric derivatives of even order. In [3] and [4], it is
used to establish two dimensional analogues of Theorem A.

The purpose of this paper is to give a two dimensional analogue of (1.2) for
symmetric derivatives of odd order, and to apply it to Lebesgue summability
for double trigonometric series.

2. We make the following definition. Let
Q(f) = cos 0 + sin 6.

Let F(x) be defined in a neighborhood of x, € E,, and suppose that F is
integrable on each circle |x — x,| = ¢, for ¢ small. Let k = 2r + 1 be an odd
integer.

DEFINITION. F has at x, a generalized symmetric derivative of order 2r + 1
with value s if

2 .
2 o Flxg + 16°)2(0)d8
@.1)
3 s 2r+1 2r+1
=at+a,f+ e+ 7t 4 (¥,
AT 27 0 + 1) ™)
ast— 0.

If the limit in (2.1) exists only as ¢ tends to O through a set E having 0 as a
point of density, we will say F has at x, a generalized symmetric approximate
derivative equal to s.

3. The numerical value of the derivative is given by the following result.

THEOREM 1. Suppose that F(x) and all partial derivatives of F of order
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< 2r + 2 exist and are continuous in a neighborhood of xy € E,. Then F has at
xg a (2r + 1)th generalized symmetric derivative with value

3 ., 9 )( a2 92 )
S=\a-+75— F(x,
(axl 9%, /\3x? ~ 8x? (%)
ProoF. We may assume x, = 0. We apply Taylor’s theorem. We write

ar+SF

09" 5l

2r+1
F(te®) = 011 (t cos 083 + ¢ sin Oaa ) F(0)

1 3 3 \Z+2 .

1
+(2r_'_2)'(tcos0a +tsm0a 2) F(pe'),
for some p € (0,1).

= " F(te®)2(0)d0

2r+l 4Jj
-5 =" (cos oaa + sin 050 ) F(0)2(9)d8
(31) 2r+2

) 2r+2 i
bt L (7 (cos 050 4 sin 050 ) F(ue®)a(6)do
@r+2) 2nJo 9,

where

li 2w J . m . Jj—m
- fo 20 (m)F(m, Jj — m)-cos" @sin’ " 0Q(0)d6.

G=f2ml =

Clearly a; = 0 when j is even.

When  is odd,
J i 27 .
g = jl, »Eo ( ’jn )F(m, j—m)- il; fo cos™ @ sin”™™ 69(0)d0

J i 2
= l 2 (,Jn)F(m,j - m){%f; " cos™! 0 sin/™™ 648

2 .
+§1; j; " cos™ @ sin/ ™1 0d0}

$ (1) Foms = mle + ).
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Using reduction formulae we find,

m! (j — m)! .
Gim = { TG0/ - DG -man
0 if m is even,
and
0 if m is odd,
dy = m!(j—m+ 1) o
J { PG+ )20 = m + 1)/2)(m)2)! if mis even .
Breaking the sum in (3.2) into two parts,
(3.3)
- & 1 m!(j = m)! -
%_mﬁme»ﬂw+nﬂmm-nﬁmg_mﬂMWw m)
&L 1(j mi(j — m+ 1)! .
¥ metimevn () PTG+ D/ —m+ D2 ™
=I+IL
To simplify I, set s = (m — 1)/2.
3.4
( I) ) 1 (-1)/2 1 FO Lies ,
TPGD & NG D= B 2]
_ 1 U-1/2 (- 1)/2 o
= TG DRNG- D) ( s )F @s+1j-2s=1)
_ 1 WAL 32 \U-D/2
T PG+ D/ - D/2)! a_n(a_x.f ¥ 5;2) FO).

To simplify II, set s = m/2.

- ¥ j—m+1 -

i _m=0;zm~even 2- 2j((j + 1)/2)0(( = m + 1)/2)! (m/2)! F(m,j — m)
J ) .
- m=0§nevcn 2j((j + 1)/ = m = 1)/2)! (m/2)! F(m,j — m)
©3) 1 G-/ 1 .
SPGB oDz )
1 9 82 32 (-1)/2
TG+ /20U - D/2)! ﬁ;(a—x,z * a‘g) FO).

Combining (3.4) and (3.5), we get
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(3.6)

1 8 8 \(@ , B\uUh2
TOYG+D/2NG = D/2NIx - 9% /\Bx]  9x]
For the remainder term,
(3.7) Ry .y = 17720(1) = o).
Substituting (3.6) and (3.7) into (3.1), the proof of Theorem 1 is complete.

4. We now apply the definition in (2.1) to deduce two dimensional versions
of Lebesgue summability for spherically convergent double trigonometric
series. The role of (2.1) in the extension of Theorem B to two dimensions is
parallel to the role played by generalized Laplacians in the extension of
Theorem A to two dimensions. Our proof is similar to the methods used in [5],
where a different multi-dimensional analogue of Theorem B is given.

THEOREM 2. Let T: X, 7, ¢, ™™ be a double trigonometric series which
converges spherically at x, to s, s < 0. Suppose the coefficients of T satisfy

a 2 a -2 2
nl lc,|” + nl (n +n c,|” < o0
(4.1) n|+nzz=0 | ] l nl n|+n22=#0 | I ( 1 2) I nl ’
Jor some number a > 1. Then the series

T inx

n +Ilz #0 nl + n2

4.2) S ey + x))c, €™ +
n|+n2=0

converges spherically a.e. on T, to a function L(x) which has at x4 a first

generalized symmetric approximate derivative equal to s.

THEOREM 3. Suppose 3, 7. ¢, €™ converges spherically at x4 to s, s < co.
Suppose there are functions L,(x) and L,(x) such that
c, " = S[L|]
m+ny =0
and
—iC" e,'n.x — S[LZ].

m +n2=#0 nl + n2

Let L(x) = §(x; + x,) Ly (x) + Ly(x). Then L(x) has at x, a first generalized
Symmetric approximate derivative with value s.

5. Before starting the proofs of Theorems 2 and 3 we establish the following
result. Here J,(z) represents the Bessel function of the first kind of order ».

1 LA
J(2) = o j; €7%? cos (vp) dep.

LEMMA. Let x = t'% € E, and let n = (n),n,) € Z,, with |n| # 0. Define
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_iein-x
gn(x) = nl + nz
3 + x)e™*  ifm +ny=0.

ifn +ny #0,

Then

1 ;27 i _ Ji(Inln)
37 Jo g,(1¢”)Q0)d0 = P

ProOF. Let n,/|n| = cos @, n,/|n| = sin .
We first consider g, (x) for n; + n, # 0.

1 r27 .
5 fo g, (t®)Q(8) d8

|n| 1 (2 o)
=""_2'ﬁf exp 1 it|n| ||cos0+llsm0

(n, + ny)
- (cos 8 + sin 6) do
l I | |
27
- Z___I'-'L'_? . % j; e/lreos®-0)(cos (9 — @) + sin (0 + ¢))df
nl nz
|n| L (2 ilnltcos(o—g)
=—- . — [T cos (0 — ¢)db
(n, + n2)2 2mi Jo
Inl 1 f 2 ilnltcos(9-¢)
S e sin (9 + ¢)d0
(”1 + n2)2 27iJo
|n|
Ay = ————J,(nlo).
(nl + nz)z
Letp=0-¢.
2 .
1 2
|n| 1 ilnjtcosp
= COSs 2¢5— # sin pdp
(nl + n2)2 27i 0
|n| . 1 27 ilicosn
+m sin 2(])2—7“.]; e cos pdp
1
) 2n, n
= 0+ — sin ) (nl) = L =2 ).

(n, + ny) +n)’ |
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Combining,
1 p2r .
5 fo g, (t®)2(0) 40
2 Ji(|n|t
=A1+B1=(1+ "‘;’2) Il (k) = ‘('I'Il).
[n|” 7 (n + ny) n

In the case n; + ny = 0,

1 r2n .
5m o 8ale)0(6) a8

2 .
= -2!; j; " J(t cos @ + 1 sin 8)e™*” (cos 0 + sin 0)d0
e[ - n\2 ilnjtcos(8—p)
=Ef0 (cos 8 + sin 8)°e ?do
= 4% j(') 2 eilnlreos(ﬁ—‘p) do +4_t-7r j(; 2 2 cos 8 sin aeilnltcos(o—.p) do
= A4, + B,.
Ay = JtJo(Inle).
2 .
B = _t__ T Sil’l 2(‘1 + (p)etlnltcoslldp'
2" 4nJo
2 ;
= COS (2(p)é j(; i sin (zu)ednhcosn d’.l,
2 ,
+ sin (2(1))4% /(; i cos (2“)en|nllc08}l d[lv

= 0 — sin (—n/2)e},(|nle) = Je,(Inle).
Combining 4, and B,,

27 .
ko 8ate®)0 a8 = 3 + ) = J'ﬁﬁlt)

by a formula from [1, p. 12]. Thus the proof of the Lemma is complete.

6. Proof of Theorem 3. We will assume, as we may, that x, = O and s = 0.
We must show

lim app 5= [ Lte*)(6)d0 = 0
im 8pp 577, Le)00)d0 =0

Set
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L(x,n= X ¢, enxglnlr

n+ny=0
—iCh  inx —|njr
n,+n22#0 m + ”2e ¢
and let L(x,r) = }(x, + x,)L;(x,7) + L,(x,r). Using results found in [6], for
example, we obtain
}1_1)!(1) -[73 | L(x) = L(x,r)|dx

< Jim 1L G) = LiGenldx +lim [ 1Ly = Lyl

Ly(x,r) =

=0.
Choose a sequence p, decreasing to 0 such that
S 1) = Lo e < 271,
Let
C, = {z & ODIf"1Lee®) ~ L4, py)ldo > z-k}.

Then
1 2 . .
2731 5 j; 1dt fo " | L(e'®) - L(te®, n,)|d0

>fckt2"‘dt>fo

=27k 2.

Hence, |C, | < 27*. Thus if we let

C,
1 kg

00
T= (0’ 1) - an(kgan)

then |T| = 0 and, outside of T,
N YT i0
,‘IEI:OL |L(te"”) = L(te”, )| d8 = 0,

so lim_, ., S | L(t"®)(0) — L(te’®, 1, )20)| @0 = 0. Thus, for almost all
t (1),

. 1 27 . 1 p27 ;
€D Jim 5 fo L(te", 1 )2(0)d0 = 5 fo L(te’®)(0) do.

For t € (0, 1), define
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. 1 27 .
(6.2) o) = Jim 5 fo L(te?, 1, )(8) df.
Then, applying the Lemma,

S e g,,(ze“’)e-l"lm) - (8)do

o) = Jim oo [ (
at Jo R—)co <

63 =Jim lim 3 e, o [, (e)0(6) doe i

k>0 R iZp n g

= tim fim 3 ¢, A0
k=00 R—® |n|<R ]nlt

Let S, = 3,,/<, ¢,- Then, summing by parts,

c, Jl(lnlt) ™
[n|<R Inlt

J; (ur) J— Q(R) _p,
__f “du( ut k)d Ut S gr €

(6.4)

Since Sp=o(l)asR—> co, and using the identity d(¢r™"J(r))/dt
= —17J, (1), we get

SRJI (Rt) —RI"‘ -0
as R — o0. Hence the last term on the right side of (6.4) drops out, and
lim J] (nlt) —inlye

R 20 Tl

Jj (uf) —y
- f udu (T "k) du
= - f ®s {J_z(ut) e — ”le__(ut) e""“"}du.
0o u ut
Returning to (6.3),
s o Jy(ur) —up, . o Jyu) —up,
o) = = Jim [7 5,2 e du+ lim w [* 5, Ly

= — lim S Jz(ut) e "duy.
k—w J0

We claim

(6.5) [” lololdt = ofp) a5 p 0.
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For,
2 e o Jy(ur) _
f,, () dt = fp |k1193° fo S, e dulde
2 oo | Jy(ut) _(® 2| o ()
S, 2 |duds = [ f,, S, 2= |dta
_ (Yo 2|, Jy(ur) o 2| J,(ut)
=/ f,, S, 2 |drdu +fl/pfp S, |drdu
=P+0Q.
We use the relations |J,(1)] < ¢” for 0 < ¢ < 2, and |J,(1)] < V2 for ¢

> L

In the interval of integration involving P, |ut| < 2, so |u~'J,(ur)| < cur®.

P= fo Ve j; » o(1)0(ur*) dt du = o(p).

In the interval of integration for Q, ut > 1, so |J,(ur)| < c(ut)"/ 2,

Q= ]/o: j; 2p o(u~ O™ dtdu = olp).

Thus the claim is established.
We complete the proof of Theorem 2 as follows. Let

(6.6) fio el = 277,

where e, > 0 as n — co. Let E, = {t € [27"1,27"]: |o(t)] > V/e,}. Then

[27 el > 1B,V

so using (6.6), 27"¢, > V/e,|E,|, and |E,| < 27"\/e,. Now let E=T
- UX|E,. Then E has 0 as a point of density. In E, ¢(f) = 0, and ¢(¢)
1/ (2vrt) ™ L(1e'°)Q(8) d6. Thus, the theorem is established.

7. Proof of Theorem 2. Let

I inx

I, (x) = x; + X,)c, €7 + >

R( ) |n|<R;§+n2=0 i( ! 2) " [n|<R;m +ny 0 T +n
The condition (4.1) insures that L(x) = limg_,, Tz(x) exists a.e. on each circle
|x] =t ThlS is a consequence of Theorem 1 of [2]. Moreover, by Theorem 2
of [2], jb supy |Tx (te'®)|d8 < 0, s0
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Il

1 2= ;i . 1 p2n .
5 fo L(te*)2(0)d0 = lim > fo T, (te)(0) d8

R-x
oy _1__ 27 i0
= lim |n|§x ¢ 37 Jy Enlte)00)d0
s AGD

c
R—o0 |jZR " nlt

We now let

o) = o [ Lae*)0(0) do.

Summing by parts,

o) = f] > su@du.

The verification of the claim (6.5) and the completion of the proof follow
exactly the lines of the completion of the proof of Theorem 3.
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